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Lecture 1: Introduction; Supergravities in ten and eleven dimensions
Lecture 2: Supersymmetric vacua, holonomy and Killing spinors
Lecture 3: BPS branes and backgrounds with fluxes
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Lecture 3 Qutline

e D = 11 supergravity with F(4) # 0
The AdS, x S” (Freund-Rubin) background
The supergravity M2-brane

o Generalized holonomy when F 4 # 0
A look at the M2-brane

e The LLM bubbling AdS construction
(G-structure analysis
Reduction of 1I1B on S® x S*

Obtaining the solution
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Turning on fluxes

e \We now consider the general case with charges or fluxes turned on

For example, we can consider D = 11 supergravity

Vue=0 V=V (a7 =855, Fypor

e Different approaches to solving this system
— Ansatz based on symmetry
— Generalized holonomy
— (-structure analysis

— Combination of methods, etc.
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Use of symmetry: the Freund-Rubin ansatz

e The presence of F{4) hints at a natural compactification to four
dimensions, MM = M* x X7

d&); = dsi+ ds;(X7)  Fuy = me
e Solve the equations of motion
F(4) eom: dF(4) = 0 and d*F(4)—|—%F(4)/\F(4) =0

— m — constant

Einstein: Ryn = 11_2(F]%4N — 1_129MNF2)
Decompose D = 11 indices:

wyv,...=0,1,2,3 m,n,...=4...10
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Freund-Rubin: the bosonic solution

o Use F7, = —6m?®g,, and F* = —24m” to obtain
R, = —3(m/3)°gu  AdSy
Riun = 6(m/6)°gmn Einstein (e.g. S')

e Maximum symmetry for the 4 + 7 split is

Mll = AdS4 X 57

e There are three other interesting cases
— A 7 + 4 split gives AdS; x S*
— IIB theory with self-dual F5) gives AdSs x S°

— The D1-D5 system gives AdS; x S° x T
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Freund-Rubin: Killing spinors

e To explore supersymmetry, we reduce
Vi =V + (T 79 — 860, T Py pgr
along the 1 and m directions to obtain

- . 1 vpo
Vi = Vi — ggMe€upol

A

— 1 uvpo
vm - vm _|_ @meuyparmr

Introduce I'° = 1123

Vu=V,+im/3)T,° V, =V, —im/6)T,I’
Killing spinor in AdS Killing spinor on spheres
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Freund-Rubin: Killing spinors

e The basic solution, AdS, x S”, has maximal supersymmetry
e Of course, we could replace S” by a manifold with reduced supersymmetry
7-dimensional Einstein manifold with ‘weak’ G5 holonomy yields ' = 1in D = 4

e Conversely, we can ask how many backgrounds there are preserving
maximal supersymmetry

Answered by J. Figueroa-O’Farrill and G. Papadopoulos, JHEP 0303, 048 (2003)

1. M9 Flat Minkowski space

2. AdSy x S Freund-Rubin

3. AdS; x S*

4. Hpp pp-wave geometry Flyy = pdxz™ A dz' A dx? A dz®

ds}, = 2dz"dx” — p*(@% + 1% (da™)? + dE; + dy,
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Maximal supersymmetry in D =11

e Classification performed through integrability

Define MMN = [DM, ﬁN] — %R

For maximal supersymmetry, Re vanishes for all €

This implies the matrix R = CMFM -+ CMNFMN + - 4 CMNPQRFMNPQR

must vanish

— CM,CMN, - --,CcuNpPQRr all vanish

e Working out the consequences of these conditions is sufficient to prove
the result
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Use of symmetry: the M2-brane

e The 3-form potential A3) of D = 11 supergravity couples naturally to
the worldsheet of the eleven-dimensional supermembrane (M2-brane)

e The M2-brane carries mass (Gysn) and charge (electric Fiy4))
BPS — mass = charge

e \We obtain the M2 geometry by considering a longitudinal 4 transverse

split, M = M3 x M®
Take the ansatz: als%1 = eQA(y)d:vi + eQB(y)alyi2
Fyy = dz’ A dz' A dx? A de*CW

Goal: obtain a supersymmetric solution for A(y), B(y) and C(y)
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The M2-brane: supersymmetry

e \We may work out the Killing spinor equations

In the longitudinal direction

A

. 1 . l/i_i vt
Vi = Ou+ zwuml’ 5 Ewpil’

_ 8u—|—%I‘MFie_3A8¢(63A+e2CF012)

In the transverse direction

S oA 1., ik 1 TP 1 pvp
vi — 8@ + Zwmkr + ﬁF,uyijz - 36Fz,uupr
—3A 2C' 012 ] —3A 2C' 012
= 8@ —|— %6 (91'6 | + %I‘ZJ(@]B — %6 (93'6 | )

e We may build a projection by taking ¢** = ¢°“ and B = —1C
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The M2-brane: supersymmetry

e The resulting expressions for the supercovariant derivative are
V., = 9,+21,I'9,C P,

Vi = 8; —8,C — LT/ — 28))9;C Py

where Py = (1 £+ I'"'?)

e Killing spinors are easily obtained

1
7C
e = e3 P_egg

Note that partial supersymmetry does not imply the equations of motion
... only that the metric and form-field are given in terms of a single
function C(y)
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The M2-brane: supergravity solution

e To obtain a solution, we impose (one) equation of motion

d*F(4)—|—%F(4)/\F(4) =0 — d*F(4) =0 — d=x*g d€_2c
Hence e 2% is harmonic in transverse space
=—H=1+
Z |y - yz|6
e [he complete solution
ds?1 — H_Q/gda;i + 7'(1/3617,%2
1 _
Fuy =dz’ Ada' Ada> Ad | — e=H P ¢
(4) H

Harmonic superposition for BPS objects
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The M2-brane: BPS and time independence

e \We may construct a vector from spinor bilinears

VM — EF“E — H_1/3E0P'u€0 = EOFEGO

A constant vector pointing in the time direction, V = —

ot
F'y=real T,=-Cc'T,c C=1" ¢=9¢C'
e \We can prove that V* is a Killing vector
Ve = —5(Tyn™ 79" = 86077 e Fapgr
Ve = se(Ta 7% + 863 T Fypor
— ViV = tFunpoel 7% + & « Fuynporsrel PO e
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Generalized holonomy classification

e The presence of F'4) modifies the covariant derivative

Vi = Va4 g(Cau 7 — 865, Fypor = Ou + 1Qu

where
Q= war PTap + (TN — 853 TN Fypor

is a generalized connection taking values in SL(32;R)

e Introduce Generalized holonomy H C SL(32;R) for the generalized
connection (2,
[Dum(2), Dn(Q2)] = 7R un ()

The number of preserved supersymmetries = the number of singlets in the
decomposition of the 32 of SL(32;R) under H
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The number of singlets

e For € a 32-component spinor, we may choose a basis of Killing spinors

1 0
€ = 0 1 etc
10 0 '

To preserve n supersymmetries, the generalized holonomy must act as

1 ‘ Rn,BQ—n
R € SL(32;R) —

0 ‘ SL(32 —n;R)
Hence H C SL(32 — n;R) x @, R3?™"

However H does not have to be so large, so long as the singlet counting is correct
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Generalized holonomy for the M2-brane

e Given Vy :8M+iQM, the M2 background yields the generalized
connection

Q, =%9,0(I,I'Py) Q= 45,CT"" — 49,C(1/ Py)
e \We may view these as Lie algebra generators
Ty = 15P Ky =Py Kuir = Vg Py

1] pigk

where K, ;i arises from second order integrability

e [he result is

Holyvz = SO(8),4 x 12R%Bs) « SL(16;R) x 16R*®
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G-structure (Killing tensor) analysis

e A powerful means of classifying and constructing new supersymmetric
backgrounds was pioneered by Gauntlett, Gutowski, Martelli, Pakis,
Sparks, Tod, Waldram. . .

Given a Killing spinor €, construct all possible tensors T{,,) = €l'(,)¢€
Killing spinor —  background isometries —  specialized coordinates
e Outline of the procedure

0) Choose initial isometries of the background geometry

1) Construct all possible spinor bilinears

2) Derive the algebraic identities (Fierz relations) between bilinears
3) Obtain the differential identities and identify additional symmetries

4) Specialize the choice of coordinates and solve the appropriate equations
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(7-structures

e The resulting supersymmetric backgrounds may be classified according
to GG-structures

a principle sub-bundle of the frame bundle with fiber in GL(n, R)

GL(6,R) — 0O(6) — SO6) — SU(3)
metric orientable Calabi-Yau (J(2), €2(3))

The failure of V to be compatible with the G-structure is measured by the
intrinsic torsion (in this case d.J(5) and df2(s))

See e.g. Gauntlett et al., hep-th/0411194

e We will not focus on the classification, but will instead illustrate the
construction with an example

Bubbling AdSs x S® geometry [Lin, Lunin and Maldacena, hep-th /0409174] (LLM)
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Motivating the LLM construction

e By focusing on the near-horizon geometry of a stack of NV D3-branes
Strings on AdSs x S° «—— N = 4 super-Yang Mills
e Both sides have the identical isometry group
SU(2,2]4) D SO(2,4) x SO(6)
e The AdS/CFT conjecture then relates
— States in N’ = 4 super-Yang Mills
— String configurations/giant gravitons in AdSs x S°
— Exact supergravity backgrounds
e Investigate the 1/2 BPS sector of the theory

.. . given by operators, states or configurations with A = J;
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1/2 BPS states in N =4 SYM

e Consider the super-Yang-Mills fields A, 4x", 6¢°

1/2 BPS chiral primaries are built from operators with conformal dimensional equal
to R-charge, A = J;

X =¢' +i¢’, Y =¢+i¢", Z=¢ +i¢°

Tr(X7), Tr(X™)Tr(X7™"), etc.

e Reduce the system to matrix quantum mechanics X (z*) — X ()
Py,

0

Free fermion phase space C) A
0)
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1/2 BPS states in supergravity

e A A = J state still preserves SO(4) x SO(4) symmetry
SO(2,4) x SO(6) D SO(2)a x SO(4) x SO(2);, x SO(4)
Consider writing AdSs x S° as
ds?y, = [—cosh’pdt’ 4+ dp” + sinh®p dQ23] + [cos’ dp” + dO” + sin’H d2}]
= [— cosh®p dt® + cos’0 d¢* + dp® + dO*] + [sinh’p dQ2; + sin’0 dQ]
Giant gravitons rotate on S° (¢,¢) but may expand either in AdSs (Q3) or S° (£23)
e We thus seek a supergravity solution preserving SO(4) x SO(4) isometry

1B sugra in D = 10 — Effective D = 4 model

(breathing mode reduction on S® x S*)
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1B supergravity on S3 x S3

e Start with |IB theory in ten dimensions

(g,ul/a B(2)7 ¢7 C(O)) 0(2)7 C((4))

e Focus on D3-branes dissolving into fluxes
ds?o = gudz"dz” 4+ eH(eGdﬂg + e_Gdﬁg)
Fi5y = Fy AdQs — xse 9 Fg) A dS2
e The reduction on S? x S? yields an effective D = 4 Lagrangian
e 'L, = eBH[R + %8]172 — %8G2 — ie_?’(HJFG)FjV 1+ 12¢  cosh G]
e Use of symmetry reduces the system to a simpler one

Juv, H, G, F(Q) In D =14
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Effective D = 4 supersymmetry

e We reduce the IIB gravitino variation (only non-trivial variation)

5¢M = [VM —+ ﬁiFNPQRSFNPQRSFM]&Z

With the reduction ansatz, this turns into

S, = [V, — e 3HI DR pAPOID 1o
§tha = [Va+ T.T"8,(H +G) — 1—166_%(H+G)FWFWF(3)F@]5
Sha = [Va+ TaT 0,(H — G) — Le 3D R prvp®p, e
where T'®) = —iT%56 Jives on the first S® and we have used the fact that I1B spinors

have definite I'*! chirality
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Effective D = 4 supersymmetry

e There is one final step in obtaining effective four-dimensional Killing
spinor equations

Choose a Dirac matrix decomposition

'y = 7% X1X1Xo0
I'n = 1Xo0o,X1X o9
I's = v X1Xo; X0y
along with E = e€X XY XXX [(1)]

e We also demand that n and 7 are Killing spinors on S° x S?

[Va+3indax =0  [Va+3ioalf =0 (0,7 = %1)
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The Killing spinor equations

e The result may be written as

3 )
S, = [Vu—|—1—16ie 2(H+G)F,,,\’y )"yu]e

1 1 .
Sxp = [V'O.H + e 2" (ne 2% — ifyse

D=

“)e
1 G

3
Sxe = [V'0.G — yie BTTIF, A" 4 e (ne”

No|—

- 1
+ iy5e2) e
This looks vaguely like D = 4 gauged supergravity coupled to matter

(but this is not a consistent truncation)

e Our goal is to solve these Killing spinor equations in order to obtain all

1/2 BPS solutions
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Supersymmetry analysis

e We now apply the G-structure (Killing tensor) analysis
Gauntlett et al. CMP 247, 421 (2004); CQG 20, 4587 (2003);
CQG 20, 5049 (2003); CQG 21, 4335 (2004)

e Start with the spinor bilinears

For € a four-dimensional Dirac spinor, we define the real quantities
— . — — 1% — 124
f1 = €vse fo = i€e K" = ¢ey"e LY = evy'vse Y = qey" vys5e
In addition, we may also consider expressions involving (€° - - - €) where € = €' C

e The algebraic identities give relations between these tensors
L* = -—K?= f12 + f22 etc.

= K" is timelike and L" is spacelike
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The differential identities

e Start with the gravitino variation

3
1 . —s5(H+G U
Ve = —sgie 3 )F,,AW Y€
3
1 . —3(H+G __vA
Ve = 5gte 2 )Fy,\e%ﬂ/

e For K, = €v,¢e we find

so K" is a (timelike) Killing vector (take K = 0/0t)

e For L, = €v,7v5¢ we find

(O[O}

VMLV p— (H—i_G)(%guyF)\py)\p — 2F(,u>\YV)>\)

1 R
46

so L) is a (spacelike) closed 1-form (take L1y = dy)
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Pinning down f; and f;

e The gravitino variation also yields

GV
[[d%)

magnetic electric

8Mf1 — %6_

e This may be combined with additional ‘differential’ identities obtained
from dx gy and dxa

3
fiou(H — G) = %6_7(H+G) * F,, K"
3
f28M<H + G) — _§€_§(H+G)F/M/KV
1 1
—  dle 2 9r1=0 dle 98] =0
— fi= be%(H_G) fo = ae%(HJrG)

where a and b are constants
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Specializing the metric

e We consider one more constraint from the 0y g equation

1 1
€ : 0, He = —e_ﬁH(ne_j — iﬁ’y5e2G)e

1 1
—  K"9uH =i (ne 2D fy g fem2T 9 )

— K"9,H =0 and an + by =0
Choose,eg,a=b=n=-n=1lora=b=n=-n=-1
This givesa 1/4 4+ 1/4 = 1/2 BPS configuration
e This normalization yields

L?=—K*= f12 — f22 = eH(eG — e_G) — 2¢ cosh G
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Specializing the metric

e \We now have enough information to write down the metric in a convenient
coordinate system (where K = 9/9t and L, = dy)

ds; = —h*(dt + Vidz")? + h*(e*(dz")” + dy°)

Combining L) = dy with L) = de obtained from 8 g, we obtain

e =y h? = 2y cosh G

e \We may also perform a similar analysis on the 1-form w, = €“y,¢e to find
dw = 0 and that it has normalized components along z' and «?

— we are allowed to choose coordinates such that v = 0
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The form field F|9)

e What remains is a determination of F(,) and dV

Recall the differential identities

3

magnetic

o With £, = e3#=% and f, = ¢2#+%) we obtain

3
ZG_Q(H+G) F,LLI/KV

electric

F(Q) = —d€2(H+G) A\ (dt + V) - h263G *3 d62(H_G)

where we may substitute in e’ = y and h™? = 2y cosh G
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The metric vector V)

e Finally, note that the antisymmetric part of the differential identity VK,
yields
_3
dK = 1e 2T (£ F o) — f1 + Fla)

This may be combined with K = —h™?(dt + V) to give

dV = —2h'e" x3dG  or  dV = —ly ' x3dtanh G

e Define z = %tanhG so that dV = —y ! *3dz

e We now obtain the consistency condition d*V = 0 or
1
Y
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Interpretation of the solution

e \What have we learned?

ds® = —h72(dt + V)? + h*(da] + dal + dy”) + y(e“dQ; + e “dQ))
Fay = — [d(e%) A (dt + V) + h%e’ w d(y*e ™)
with

h™? = 2y cosh G, z = s tanh G, dV = —y_l x3 dz

where 1
[812 + 822 + vy ay_ay] z(x1,x2,y) =0 harmonic in Hjs
Yy

or

3
[83 + ('95 + gay + aj] (%) =0 harmonic in R? x R*
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Linear superposition and bubbling

e Underlying the 1/2 BPS solution is a linear system

O (z(xl,azz,y)> _ 0

y2

e This admits a Green's function solution

@) =L 1 (&, 0) %
I A e D

where boundary conditions are imposed at y = 0O

o Because ds® = .- + y(e“dQ2 + e 9dQ?2) boundary conditions must be

chosen to ensure a regular solution
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Regularity of the geometry at y = 0

e When y — 0 the volume of ds? = e“dQ? + e “dO? goes to zero

e To be smooth, only a single S® can collapse

G

Either e¢© — 0 ore ¢ — 0

= G = +o0 orzz%tanhG::I:% as y — 0
Suppose z — 1 as y — 0

G 1

Solving the harmonic equation gives an expansion e~ ~ y~
so that h2dy? + y(e“dQ2 + e “dQ2) ~ dy? + y2dQ? + dQ2

z=1/2

e Boundary conditions: z(z1,z2,0) = +1 @ Xy
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Example: The AdS; x S° background

o We recover AdSs x S° by filling the ‘Fermi sea’

X ,= rsind

z=1/2

2 2 2
z = itanh G = ity ¢ X ;= rcos@
2 2/ (r2 + 4% — £2)2 4 44202
r2 4 y? 4 02

— d
2\/(7‘2 + y2 _ £2)2 + 4y2£2
e Make the change of coordinates ¥y = £sinh psin 6 r = { cosh pcosf

1 sinh?p — sin®6 o sinhp
Z = — e =
2 sinh?p + sin?0 sin 0

1 cosh?p + cos?6

and h™? = £(cosh’p — cos’0) V=— 5
2 cosh®p — cos?6
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Example: The AdS; x S° background

e Look at the metric

ds® = —h72(dt + V)? + P (dr® + rd¢? + dy®) + y(e“dQ2 + e “dQ2)

1 cosh” 20
= E{—(costh — cos’0) (dt _ 1 Sosh p ¥ cos

2 cosh?p — cos26

2
dcb) + dp® + do”

cosh?p cos?6

d¢2 + sinh2p ng + sin’0 dﬁg}

cosh?p — cos26

— e{— cosh’p(dt — Ldp)? + dp” + sinh®pdQ;  AdS;

+ cos’0(dt + 1d¢)’ + do” + sin29dfz§} S°
e Note the mixing between t and ¢

motion of the giant gravitons along the equator of SP
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Some additional resources

e A rather incomplete list. . .

M. Duff, B. Nilsson and C. Pope, Kaluza-Klein supergravity,
Phys. Rep. 130, 1 (1986).

P. Candelas and X. de la Ossa, Comments on Conifolds,
Nucl. Phys. B342, 246 (1990).

M. Duff, R. Khuri and J. Lu, String solitons, Phys. Rep. 259, 213 (1995).
P. Aspinwall, K3 surfaces and string duality, hep-th/9611137.
K. Stelle, BPS branes in supergravity, hep-th/9803116.

J. Gauntlett, D. Martelli, J. Sparks and D. Waldram, Supersymmetric AdS
Backgrounds in String and M-theory, hep-th/0411194.

e Happy Canada Day! I*I
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