Conventions, Definitions, ldentities, and Other Useful Formulae

1. Curvature tensors

Consider a d + 1 dimensional manifold M with metric g,,. The covariant derivative on M that is metric-
compatible with g, is V.
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2. Euler Densities

Let M be a manifold with dimension d + 1 = 2n an even number. Normalized so that y(S*") = 2.
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3. Hypersurfaces
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Let ¥ C M be a d dimensional hypersurface whose embedding is described locally by an outward-pointing, unit
normal vector n*. Rather than keeping track of the signs associated with n* being either spacelike or timelike,
we will just assume that n# is spacelike. Indices are lowered and raised using g,,, and g"”, and symmetrization

of indices is implied when appropriate.
First Fundamental Form / Induced Metric on X
hyw = guv — npny

Projection onto X
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Second Fundamental Form / Extrinsic Curvature of ¥
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‘Acceleration’ Vector
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Covariant Derivative on ¥ compatible with h,,,
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4. Sign Conventions for the Action

These conventions follow Weinberg, keeping in mind that he defines the Riemann tensor with a minus sign
relative to our definition. They are appropriate when using signature (—,+,...,+). The d + 1-dimensional
Newton’s constant is 22 = 167G441. The sign on the boundary term follows from our definition of the extrinsic
curvature.
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Gauge Field Coupled to Particles
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Gravity Minimally Coupled to a Gauge Field
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5. Hamiltonian Formulation

The canonical variables are the metric h,, on ¥ and its conjugate momenta 7#*. The momenta are defined
with respect to evolution in the spacelike direction n*, so this is not the usual notion of the Hamiltonian as the
generator of time translations.
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6. Conformal Transformations

The dimension of spacetime is d 4 1. Indices are raised and lowered using the metric g,, and its inverse gh”.

Metric
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Christoffel
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Riemann Tensor
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7. Small Variations of the Metric

Consider a small perturbation to the metric of the form g,, — gu, + dg,,. All indices are raised and lowered
using the unperturbed metric g, and its inverse. All quantities are expressed in terms of the perturbation to
the metric with lower indices, and never in terms of the perturbation to the inverse metric. As in the previous
sections, V, is the covariant derivative on M compatible with g,, and D, is the covariant derivative on a
hypersurface ¥ compatible with h,,.
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Variational Operator
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